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Solving Systems of Linear Equations Numerically

Introduction
Systems of linear equations of the form

apX+ta,py=c¢
Ay X+tayy=C¢,
are straightforward to solve algebraically. However systems of linear equations of the

form
allx + a12y + al3Z+ al4W = Cl

a'21X + a22y + a23Z+ a'24W = C2

Ay X+ 85 Y +apZta,W=C;

auXt+apyt+agztayw=_e,
are not so quite straightforward to solve. We will now investigate two iterative
methods for solving sets of linear equations.

The Jacobi Method

This method quite smply involves rearranging each equation to make each variable a
function of the other variables. Then make an initia guess for each solution and
iterate. Thisis best described in an example.

Example 9A

Perform two iterations of the Jacobi method on the system of equations
2x+y=1
x+2y=1

with starting values x® =0 and y@ =0.

You will notice that the starting values are written in the form x© instead of x,. This
notation is adopted because a large system of equations has many variables and we
would run out of letters after 26 (not including possible Greek and Russian
characters). So the variables in large systems of equations are denoted as
Xys %15 X5, -+, Which could cause confusion with the iterates, hence the new notation
for the iterates! So an expression such as x{¥ represents the fifth iterate of the third
variable.

(@D Rearrange each equation in turn so that we have an iterative equation for each
variable.

—E - (n+)_£ _ vy
X—2(1 y)p X 1_2(1 y )

1 1
— (1. (n+1) — = (q_ ()
y=5(1-xbpy 2(1x)

(2)  Starting with the initial guesses x' =0 and y© =0, find the vaues of x®
and y®@.
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1 1
W_—2(1.0 ="
X 2(1 0) >
1 1
®—2(1. ) ==
y 2(1 0) >

(3)  Usethevauesfor x® and y® tofind x® and y®.

o _le 16 1
X\ =—Cl- ——=—
2 20 4
2 20 4

To obtain the solutions we continue to iterate until convergence occurs (if
convergence should occur!). We will now use DERIVE to perform the
calculations.

DERIVE ACTIVITY 9A
Solve the above equations using the Jacobi method, using 10 iterations.

Author
#1. 2x+y=1
soL ve, #1, variable x
Author
#3: x+2y=1
soLve, #3, variable y
Author
#5  [RHS#2), RHS(#4)|
Simplify #5
Author
#T: ITERATES(#6,[ X, y],[0,0],10)
approX #6 togive
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1-y 1-x
#?: ITERHTES[[ s ], [x, ul, [@, @1, ]
2 2
0} A
8.5 8.5
.25 B.25
8.375 a.375
B.3125 B.3125
#a: B.34375 B8.34375
08.328125 B.328125
6.3359375 B.3359375
B.33283125 B.33203125
B.333984375 B.333934375
- 8.3330873125 0.3330873125 -

COMMAND : Build Calculus Declare Expand Factor Help Jump soLve Manage
Options Plot Quit Remove 3implify Transfer Unremove molVe Window approX

Compute time: 8.8 seconds

User Free:188x Ins Derive Algebra

The Jacobi method in action

1 1
3 y=§ and as you can see the iterations do

1
appear to be converging towards 3 In fact, 24 iterations produce 10 significant figure

The anaytica answers are in fact x =

correspondence with the anaytical solution. This particular method is dow to
converge and so is not generally used, however it is relatively easy to program.
However, there is a problem with this method! Lets change the order of the
simultaneous equations in the previous example, i.e.

x+2y=1
2x+y=1
and rearrange as before to obtain two iterative schemes

x=1-2y b x™Y =1- 2y
y=1-2xpb y™» =1- 2x™

Repeating the Jacobi method with these rearrangements,

Author
#9: 1- 2y
#10: 1- 2x

#11  ITERATES([#9,#10],[ %, y],[0,0],10)
approX #11 givesus
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#18: 1 - 2-x

#11: ITERATES(I1 - 2.y, 1 - 2-x1, [x, yl, [8, 81, [P

a 0}

1 1

-1 -1

3 3

-5 -5

#1z2: 11 11
-Z21 21

43 43
-85 -85
171 171

- -341 -341 -

COMMAND : Build Calculus Declare Expand Factor Help Jump soLve Manage
Options Plot Quit Remove 3implify Transfer Unremove molVe Window approX

Compute time: 8.8 seconds

User Free:188x Ins Derive Algebra

The Jacobi method diverging
Here we can see that this particular iterative scheme diverges.

If one looks athe iterative schemesit is clear that the schemes will diverge as the
previous iterate is being multiplied by -2 and then 1 isadded. Multiplying any number
by a number out of the range [-1,1] will cause growth, hence we would want any
iterative scheme to have multipliersin the region [-1,1]. You will notice that thisisthe
case in the first example, the multipliers are each -0.5 we now describe an efficient
method for arranging the equations so that we can obtain convergence.

Stopping Divergence.

The previous activity shows that the order in which the equations are placed is very
important if you wish to avoid convergence. Writing the linear equations in matrix
form helps shed some light onto how we can avoid convergence.

The previous examples in matrix form are
2x+y:1ID a2 1l@x0 a0
x+2y=1" & 2&yp &p

x+2y=1 & 20m0_ 80
2x+y=1" & 1gyg 8o
The diagonal elements (down left to right) in the matrix of the first set of equations are

larger that their off diagonal partners, the opposite is true for the second set of
equations. When the diagonal elements dominate ( the absolute values are greater) the
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off diagona elements, we have diagona dominance. Let uslook at a 3x3 case to see
why we need diagonal dominance,

ax+by+cz=d,
a,x+b,y+c,z=d,
a,Xx+by+c,z=d,

rearranged gives

c
x=dl-gy-—lz
a &

g .2, &
y=d, bzx bzz
T
z=d, C3x C3y

The diagonal termsare a,, b, & ¢, , in order that each multiplier liesin the range - 1,1]
then |a,|>[b,|and |c |, [b,|>|a,|and |c,|, |c,|>|a,| and |b,]. In other words, the modulus
of the diagonal terms must be greater than the modulus of the off diagonal terms.

In fact the story is a little more complicated that this, to ensure convergencethe
condition

J

la;[* a |a;| for alli
j=1
IR

and in at least one case

J

la;[> a |a]
j=1
IR

must apply.

If these conditions are not met, the iterative equations may still converge. If these
conditions are met the iterative equations will definitely converge.

Exercise

Rearrange the following set of linear equations so that we have diagonal dominance
and use the Jacobi method to find the solutions to 2 decimal places, starting with
[0,0,0]

X+y+3z=2
2x-y+z=4
- X+5y- 2z=4
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The Gauss Seidel Method

This method is a more efficient method than the Jacobi method, and it is very similar to
the Jacobi method. It differs form the Jacobi method in that it aways uses the most up
to date iterate for any particular variable. Let’'s usethefirst example asa
demonstration.

2x+y=1
x+2y=1

with starting values x® =0 and y© =0.
The Jacobi iterative schemes are

—E - (n+)_£ _ vy
X—2(1 y)p X 1_2(1 y )

1 1
— (1. (D) — (1.
y=2(1-xpy 2(1X)

but when we calculate y™™ we use the x™ iterate in calculating it. However, the
iterate x™? has already been calculated, so why not use this asit is likely to be more
accurate than x'™. The iterative scheme using the Gauss Seidel method will be

(D) :%(1_ y®)

1
(n+) — —=(1_ (n+1)
y" =2 (1. x0)

Letstry it!

Starting with the initial guesses x© =0 and y© =0, find the values of x® and y®.

1 1 1
O ==01- vOy==(1- ==
XH=2(1- y7) 2( ) >
1 le 16 1
W==(1. y0) ==& 19_-+
v =51 x®) =58 5=
Use the values for x and y® to find x® and y®.
laee 106 3
@ ==¢]- =====
X 281 15 8 0.375
1 30 5
@ =Z¢]- === —=0312
Y =58 ga 16 0oL

The analytical answers are x = 0.333333 and y = 0.333333 after two iterations of the
Jacobi method we have approximate solution 0.25 and 0.25 and after two iteration of
the Gauss Seidel method we have approximate solutions 0.375 and 0.3125. Aswe can
see a more accurate approximation from the Gauss Seidel method for the same number
of iteration.

Up until the time of writing these notes, | have not found a straightforward way to
program DERIVE to perform the Gauss Seidel method on any set of linear equations.
N.B. it isvery easy to program a spreadsheet to do this!!
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However, below is a program that will perform the Gauss Seidel method for a 3x3
system of equations.
DERIVE ACTIVITY 9B
Author
#1. LIM(f,[x,Y,2],[a,b,c])
#2: LIM(g,[%,Y,2],[#Lb,c])
LIM(h,[x,Y,Z],[#1,#2,c])
[#1,#2,#3]
[X0:=,y0=,2z0=]
ITERATES(#4,[a,b,c],[ X0, y0, z0],n)
G_SEID_ AUX(f,g,h,x0,y0,z0,n):=#6
SOLVE(p,x)SUB1
SOLVE(q, y)SUB1
#10. SOLVE(r,z2)SUB1
#11: G_SEID_ AUX(RHS(#8), RHS(#9), RHS(#10), X0, y0, 20, n)
#12: G_SEID(p,q,r,X, Y,z x0,y0,z0,n):=#11

SEUSHED

We will now use the function G_SEID() of the set of equations
2x+y+z=4

X+2y+z=4
X+y+3z=5
starting with [0,0,0] and iterating 10 times.

We have diagonal dominance and we can see from inspection that the solutions are
x=1, y=1 and z=1.

#13. G_SEID(2x+y+z=4,x+2y+z=4,x+y+3z2=5,X,Y,2,0,0,0,10)
approX #13 togive
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#13: G SEID(F-x + y + =

#14:

B

2

1.166666666

1

B.9861111111

B.9930555555

B.9976851851

B8.9994212962

B.9999835493

1

8

1

1.883333333

1.841666666

1.813588888

1.083472222

1.088578783

1

B.9999517746

B.9999758873

a

B.6666666666

0.9166666666

B8.9861111111

1

1.6881157487

1.888578703

1.8881952981

1.888848225

1.0886808037

=4, x+2y+z=4, x +y+3z="5 x4y, =z, 8, 08,08,

1.8800086037 0.9999919%624 1

COMMAND : Build Calculus Declare Expand Factor Help Jump soLve Manage
Options Plot Quit Remove 3implify Transfer Unremove molVe Window approX

Enter option

User Free:?2x In=s

The G_SEID() function at work

Derive Algebra

Exercise
1. Solve the following system of linear equations using the Gauss Seidel Method
-X+3y+2z=5
3x- 05y +2z=2
-X- y+5z=3

2.

Write aDERIVE function that will solve 4x4 sets of linear equations.
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